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1. INTRODUCTION 



A (singular) del Pezzo surface is a normal projective surface X over 
C whose anticanonical divisor —Kx is ample. 

In this paper we consider del Pezzo surfaces with only log terminal 
singularities admitting an action of a finite simple group G. Any del 
Pezzo surface with log terminal singularities is rational (see, e.g., [3]). 
Hence such a group G is contained in Cr(2), the plane Cremona group. 
Finite subgroups of Cr(2) are classified (see [8]). By |8], There are 
only three finite simple subgroups of Cr(2): Sis, Slg and L2(7), where 
L2(7) is the simple group of order 168 and 2t„ is the alternating group. 
These groups have their names: L2(7) is called Klein's simple group, 
Slg is called the Valentiner group, and 2I5 is the icosahedral one. In the 
present paper we classify del Pezzo surfaces admitting an action of one 
of these groups. 

Example 1.1 (see, e.g. [8]). The Klein group G = L2(7) has an 
irreducible three-dimensional representation, so G acts on the pro- 
jective plane. There is an invariant quartic, so-called Klein quartic 

:= {x^y + y^z + z^x = 0}. Consider the double cover 5*2 
ramified along C^. Then S2 is a smooth del Pezzo surface of degree 
two. The action of G lifts naturally to Sf. Such S2 is unique up to 
isomorphism and p{S2)^ = 1. 

Example 1.2. Let n be a positive integer and let k G {12, 20, 30, 60}. 
The group G = Sis acts naturally on the Hirzebruch surface F2„. Let M 
and D be disjoint sections with = 2n, = — 2n. Let pi : Zi ^ F2„ 
be the blowup of an orbit consisting of k points on M. Let p2 '■ Z2 Zi 
be the blowup of an orbit consisting of k points on proper transform of 
M and so on. Let r : Za ^ F2n,ak-2n,a be the contraction of the curves 
with self- intersection number is less than —1, where a is the number of 
blowups of points on proper transform of M and ak — 2n > 0. Then 
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F2n,ak-2n,a IS a del Pezzo suiface admitting a non-trivial action of G 
and p{F2n,ak-2n,a)^ = 1- Note that F2„,aA;_2„,a has two singular points 
of types 2^(1, 1), ak-2n ^^' ^ singularities of type Aa^i- It 

is possible that a = 1 and then the singular locus of -F2n,fc-2n,i consists 
of two points. 

Example 1.3. Let k e {12,20,30,60}. The group ^ = 215 acts 
naturally on P^. Let C be (a unique) G-invariant conic on P^. Let 
Pq : Zq P^ be the blowup of an orbit consisting of k points Pi, . . . ,Pk 
on C and let Cq be the proper transform of C. Let pi : Zi —>■ Zq be 
the blowup an orbit of points on Co that correspond to Pi, . . . , Pk- 
Repeating this procedure s + 1 times we obtain a smooth surface Zg. 
Let r : Zg —>■ P^fc,s be the contraction of all rational curves whose self- 
intersection number is at most —2. Then W'^k,s is a del Pezzo surface 
admitting a non-trivial action of G and p{F'^k,s)'^ = 1- The singular 
locus of P^fc,s consists of one (fixed) point of type 1) and k 

Du Val singular points of type Ag. It is possible that s = and then 
the singular locus of P^^.o consists of one (fixed) point. 

The main result of this paper is the following: 

Theorem 1.4. Let X be a del Pezzo surface with log terminal singu- 
larities and let G C Aut(X) be a finite simple group. 

(i) If G c:^^^^ and p{X)^ = 1, then there are the following cases: 

• X ~ P2. 

• X ~ where is a smooth del Pezzo surface of degree 
5. 

• X ~ P(l,l,2n), a cone over a rational normal curve of 
degree 2n. 

• X ~ F2n,ak-2n,a, SCC ExamplclTM 

• X ~ P^fc,s, see Example ] 1.3[ 

(ii) If G is the Klein group, then X ~ P^ or X ~ S'2 • 

(iii) If G is the Valentiner group, then X ~ P^. 

The author is grateful to Professor Y. G. Prokhorov for suggesting 
me this problem and for his help. The author would like to thank 
Professor I. A. Cheltsov for useful comments. 

2. Preliminaries 

Notation 2.1. We work over C. Throughout this paper G is one of 
the following groups: 2I5, Slg, or L2(7). X denotes a del Pezzo surface 
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with at worst log terminal singularities admitting a non-trivial action 
of G. We also employ the following notation: 

• F„: the Hirzebruch surface, Fq ~ x 

• P(a,6, c): weighted projective plane. 

• S'rf: a del Pezzo surface of degree d. 

• p{X): the Picard number. 

• G-surface: a surface V with a given embedding G C Aut(y). 

• p{X)^: the G-invariant Picard number. 

• (n)-curve: a smooth rational curve whose self-intersection num- 
ber equals to n. 

Definition 2.2. Let 5* be a normal projective surface and let / : S* — S* 
be a resolution. Let D = Di be the exceptional divisor. Then there 
is a unique Q-divisor = "i^i such that f*Ks = Ks + DK The 
numbers ccj are called codiscrepancy of Di. 

Lemma 2.3. Let V be a G-surface with at worst log terminal singular- 
ities and let P E V be a fixed point. Then P is singular and G ~ 2I5. 
Moreover, P has type ^(1, 1), where r is even. 

Proof. Let P e V he a, G-fixed point. Assume that P is a smooth 
point. Then G acts on the Zariski tangent space Tpy- Since G is a 
finite simple group, we see that G has no non-trivial two-dimensional 
representations. Hence P is singular. Let V ^ V he the minimal 
resolution of P and let D = ^ he the exceptional divisor. Then G 
acts on D. Since G does not admit any embeddings to &k, where k < i, 
we see that D consists of one irreducible component. Hence P has type 
^(1, 1). On the other hand, the Klein group and the Valentiner group 
do not admit a non-trivial action on a smooth rational curve. Hence 
G~2l5. 

Finally, the action of 2I5 on V induces an action of 2I5 on the total 
space of the conormal bundle N^^^ ~ 0pi(r). In particular, the group 
2I5 naturally acts on 

H\D,Nl^^) ~ H\¥\0^.{r)) ~ H\¥\0^.{1)). 
This is possible if and only if r is even. □ 

Lemma 2.4. Let G ~ Sis and let f : S ^ be a smooth relatively 
minimal conic bundle with an action of G. Then S ~ F2„. Moreover, 
there are two possibilities: 

• 5* = F^ X F^ with non-trivial action on each factor; 

• S — F2n, n > there is an invariant section and this case 
occurs for every n > 0. 
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Proof. Let 

a:G^O{Pic{S)), g^igT' 
be the natural representation of G in the orthogonal group of Pic(S'). 
By [SI Theorem 5.7], we have ker(a) 7^ {e}. Since G is a simple group, 
we see that ker(a) = G. Hence / has no singular fibers. Then S = ¥r. 

Since the case r = is trivial, we assume that r > 0. Consider the 
contraction : K of the negative section. Here is a cone in 

P'"+i over a rational normal curve Gr C P*" of degree r or, equivalently, 
the weighted projective plane P(l,l,r). Clearly, ip is Sls-equi variant, 
so 2I5 acts non-trivially on Vr. By Lemma (2.31 r is even. On the other 
hand, one can write down an action of Sts on P(l, 1, 2n) explicitly. □ 

Lemma 2.5. Let P E X be a log terminal singularity and let f : X —>■ X 

be its minimal resolution. Let otiDi he a Q-divisor such that 

Assume that ai < ^ for every i. Then P is either a Du Val singularity 
or P has type i.e. the exceptional divisor of f consists of a 

single (—3) -curve. 

Proof. Assume that there is a component Dj of ^ Di such that < —4 
Then by [21 Lemma 2.17] we have > |, a contradiction. 

Hence, Df > —3 for every i. Assume that there is a component Dj 
with Z)| = —3 and a component with Dj ■ = 1. Then by [21 
Lemma 2.17] we have > |. Again we have a contradiction. 

Therefore, P is either a Du Val or the exceptional divisor has 
only one component Di with Df = —3. □ 

The following Lemma is a consequence of the classification of log 
terminal singularities (see [5]). 

Lemma 2.6. Let X be a projective normal surface. Let P E X be a 
log terminal non-Du Val singularity and let f : X X be its minimal 
resolution. Let Y^aiDi be a codiscrepancy Q-divisor over P. Assume 
that there is a {—l)-curve E and a morphism g : X ^ Z such that 
g{E + ^ Di) is a smooth point. Then E ■ ^ ajDj > ^. 

Proof. Consider minimal resolution of log terminal singularities [5] case 
by case. For example if P G X has type |(1, 3), then E • ^ aiDi = |. 

□ 

Proposition 2.7. In notation \2.1\ assume that X has at worst Du Val 
singularities. Then we have one of the following cases: 
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(i) G is the Valentiner group and X ^ . 

(ii) G is the Klein group and X ~ or X ~ 5*2 . 

(iii) G ~ Sis and either X is smooth or X c:^ P(l, 1,2). If moreover 
p{X)'^ = 1, then X is isomorphic to P^, or P(l, 1,2). 

Proof. We use some elementary facts on del Pezzo surfaces with Du 
Val singularities (see e.g. [9|). Recall that 9 > K\ > 1 and 

diiivH^{X,0{-Kx)) = K\ + l. 
So, we have the following cases: 

2.7.1. K\ = 1. In this case dim | —Kx\ = 1 and there is a non-singular 
fixed point {p} = Bs | — Kx\- On the other hand, by Lemma [2.31 every 
fixed point is singular, a contradiction. 

2.7.2. K\ = 2. In this case dim | — Kx\ = 2. The linear system 
I — Kx\ defines a double cover = (f)\^Kx\ '■ ^P^- Let 5 C P^ be 
the ramification divisor of (p. We have degi? = 4. Since G is simple, 
we see that B is irreducible. Since the number of singular points of B 
is at most three, we see that B is smooth. So is X. By [8J we have 
G ~ La (7) and X ~ Sl 

2.7.3. K]^ = 3. In this case dim \-Kx\=3 and X = X3 C PMs a cu- 
bic surface. Here G has a faithful representation in i?'^(X, —Kx) = C^. 
Assume that G is the Klein group or the Valentiner group. Then G has 
no irreducible four- dimensional representations. So, the representation 
on if°(X, —Kx) is reducible. Hence there is a G- invariant hyperplane 
H. The intersection if fl X is a (G-invariant) smooth elliptic curve 
because otherwise we get a fixed point P E H (1 X which is impos- 
sible. Since a simple group cannot act on an elliptic curve, we get a 
contradiction. Hence G ~ 2I5. 

We claim that the natural representation of G on H^{X, —Kx) = 
is irreducible. Indeed, otherwise there is an invariant hyperplane H Gf^ 
and as above we get a fixed point P E H (1 X . Consider the repre- 
sentation of G on the Zariski tangents space Tpx- Since 2I5 has no 
irreducible two-dimensional representations, dim Tpx = 3, i.e. the 
point P G X is singular (and Du Val). Take a G-equivariant local em- 
bedding (X, P) = Tpx into the corresponding afiine chart. Let 
/ = /2 + /s be the local equation of X at P, where fi is a homogeneous 
polynomial of degree i. We have fi 7^ and 2I5 acts on so that fi 
are invariants. Therefore, 2I5 acts on P^ so that the locus {/2 = 0} is 
an invariant conic and {/2 = 0} fl {/s = 0} is an invariant subset con- 
sisting of < 6 points. On the other hand, any orbit of 2I5 on a smooth 
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rational curve contains at least 6 points. The contradiction proves our 
claim. Hence there are no fixed points of G on X. 

Thus the representation of G on H^{X, —Kx) = is irreducible. 
This representation can be regarded as an invariant hyperplane Yl^i — ^ 
in C^, where Sts acts on by permutations of coordinates. The ring 
of invariants C[xi, . . . , x^]"^^ is generated by di, . . . , a^, S, where cjj is 
the symmetric polynomial of degree i and 6 is the discriminant. There- 
fore, the equation of our cubic surface X C P'^ C can be written as 
CTs = erf = 0. This surface is smooth. 

2.7.4. Kj^ > 4. In this case the linear system | — Kx\ defines an 
embedding X ^ P^x. Let vr : Xq — > X be the minimal resolution. 
Then p{Xo) = 10 — = 10 — Kx < 6. So the number of singular 
points of X is at most 5. Moreover, if X has exactly 5 singular points, 
then Kx = 4 and p{X) = 1. On the other hand, such a surface X does 
not exist (see e.g. [7], [1]). Hence X has at most 4 singular points. 

Assume that G is the Klein group or the Valentiner group. Run the 
G-equivariant MMP on Xq. At the end we obtain a del Pezzo surface 
S with p{Sf = 1 and > 4. So, ^ ~ P^ [8]. Let s := p{X/Xo), the 
number of exceptional curves of X S. Since the Klein group and 
the Valentiner group do not admit any embeddings to ©5 and do not 
act non-trivially on a rational curve, we see that s > 6. Therefore, 

Kj, = Kl^=Kl-s<9~s<A, 

a contradiction. 

Thus, G ~ 2I5. Assume that X is singular and X 9^ P(l, 1, 2). Since 
X has at most 4 singular points, there is a singular fixed point P of 
G on X. Note that there is a line Ei (Z X G W"^ passing through 
P, an image of a (— l)-curve i C Xq. Therefore, there is an orbit of 
lines El, . . . ,Ep passing through P, where p > 5. On the other hand, 
X C P''^^ is an intersection of quadrics (see e.g. [S]). Hence there are 
at most four lines on X C P'^ passing through P, a contradiction. 

The last assertion follows by [8]. □ 

Definition 2.8. Let be a normal projective surface and let A be an 
effective Q-divisor on S. We say that {S, A) is a weak log del Pezzo 
surface if the pair (S*, A) is Kawamata log terminal (kit) and the divisor 
— {Ks + A) is nef and big. 

Remark 2.9. (i) Let (5*, A) be a weak log del Pezzo surface and 
let V9 : 5 — s> S" be a birational contraction to a normal surface 
S". Then (S", V5*A) is also a weak log del Pezzo surface. 
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For any weak log del Pezzo surface {S, A) the Mori cone NE(S') 
is polyhedral and generated by contractible extremal rays. 



Construction 2.10. Under notation 12.11 let vr : Xq X he the min- 
imal resolution. Run the G-equivariant MMP on Xq. We obtain a 
sequence of birational contractions of smooth surfaces 0j : Xj — Xj+i. 
At the last step 0p : Xp Xp+i we have either a conic bundle 
over Xp+i ~ or a contraction to a del Pezzo surface Xp+i with 
p(Xp+i)^ = 1 (see [8]). Write tt*Kx = + Aq, where Aq is an 
effective vr-exceptional Q-divisor. Note that (Xq, Aq) is a weak log del 
Pezzo surface. Define by induction Aj = 0j„i^Aj_i. On each step of the 
MMP the above property is preserved: (Xj, Aj) is is also a weak log del 
Pezzo surface. Since p(Xp)*^ = 2, we see that there is a G-equivariant 
extremal contraction g : Xp Y such that g is different from (pp. Thus 
we get the following sequence of G-equivariant contractions: 

^ 4>o ^ (pi ^p-i V 'f'p V 
Aq ^ Ai > . . . y A.p > 



Y 

We distinguish the following cases: 

(i) y is a curve. Then F ^ and g is a conic bundle with 
p{Xp/Y)^ = 1. Moreover, in this case Xp is a smooth del 
Pezzo surface with p(Xp)'^ = 2. Since the groups Sle and L2(7) 
cannot act non-trivially on a rational curve, we have G ~ Sis. 

(ii) y is a smooth surface. Then the contraction g is i^'-negative. 
In this case both Y and Xp are smooth del Pezzo surfaces 
with p{Xp)'^ = 2 and p{Y)^ = 1. By Proposition 12.71 we have 
G ~ 2t5. 

(iii) y is a singular surface. Then {Y, Ap) is a weak log del Pezzo 
surface. In particular, y is a del Pezzo surface with log termi- 
nal singularities. The group G transitively acts on Sing(y). 

Assume that both contractions g and (pp are birational. Let D = Yl^i 
be the (/-exceptional divisor, let Bi = cpp^Di), and let B = YlT=i^i- 
Since p{Xp)'^ = 2, we see that the group G acts transitively on {-D,} 
and on {Bi}, so the curves Bi have the same anti-canonical degrees 
and self-intersection numbers. Since p(Xp+i)'^ = 1, the divisor B is 
ample and proportional to — -ft'xp+i- Hence B is connected. Assume 
that Sing(i?) = 0. Then B is an irreducible curve. Since B is rational, 
by the genus formula -ft^Xp+i + 5 is negative. This is possible only if 



Xp_|_i ~ P . Thus we have the following. 
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Claim 2.11. In the above notation either 

(i) Sing(5) ^ 0, or 

(ii) Xp+i ~ ano? B is a smooth irreducible curve of degree < 2. 

Construction 2.12. Under the notation of 12.11 let p{X)^ = 1. As- 
sume that X is singular. Consider the minimal resolution p : Y ^ X 
and let R = Yl^=i be the exceptional divisor. The action of G lifts 
naturally to Y. Write 

H^Kx = i^y + ^ aiRi, 

where < ctj < 1. Fix a component, say Ri C R, and let R' = Ri+- ■ ■+Rk 
be its G-orbit. We can contract all the curves m. R — R' over X: 

y^.,Y JUX^X. 

Then p{XY = 2 and 

(f)*Kx = rj^Ky = Kx + A, where A := rj^ ^ aiRi. 

Therefore, (X, A) is a weak log del Pezzo surface. Let if) : X X' he 
(a unique) + A-negative contraction. Clearly, ip (p, ip does not 
contract any component of A, and ip is also if -negative. We get the 
following G-equivariant diagram: 



X 




X X', 

where X' is either a smooth rational curve or a del Pezzo with at worst 
log terminal singularities and p{X')^ = 1. 

For a normal surface V, denote by d{V) the Picard number of its 
minimal resolution. In our situation, ip o rj is a. non-minimal resolution 
of singularities (because —Kx is V'-ample). Hence d(X') < d(X). 

The following procedure is well-known. It is called the "2-ray game" . 

Construction 2.13. Apply our construction 12.121 several times. We 
get the following sequence of G-equivariant birational morphisms: 




Since d{Xi) > d(Xj+i), the process terminates. Thus at the end we 
get Xd+i which is either a smooth curve or a smooth del Pezzo surface 
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with p{Xd+i)'^ = 1. Recall that each Xj for i = 1, . . . , c? is a del Pezzo 
surface with log terminal singularities and p{Xi)^ = 1. 

Note that on each step the extraction (pi is not unique; this obviously 
depends on the choice R' (in notation of 12.12^ . For our purposes it is 
convenient to choose R' in one of the following ways: 

2.13.1. R' is the orbit of exceptional curves over non-fixed points with 
maximal codiscrepancy. 

2.13.2. (f)i{R') is a fixed point P G Xj. By Lemma [2.31 R' is a unique 
exceptional curve over P. 



3. The Valentiner and Klein groups 

In this section we prove our main theorem in the case, where G = Sle 
or L2(7) (i.e., G is the Valentiner or Klein group). 

Proposition 3.1. Assume that the surface X is singular and G is 
either the Klein group or the Valentiner group. Then Xp has only 
cyclic quotient singularities of type |(1, 1). 

Proof Apply construction I2.10[ By our assumption we get the case 
(iii), i.e., the contraction g is birational and V is a singular del Pezzo 
surface (with log terminal singularities and p{Y)'^ = 1). Moreover, the 
contraction 0p+i is also birational and the exceptional loci of g and 0p 
are reducible (because G cannot act non-trivially on a rational curve). 
Write 

m m 

g*KY = Kx, + ^aiD, and D = J]A, 

i=l 1=1 

where, as above, Di's are (7-exceptional curves. Since the group G acts 
transitively on {-Dj}, we have 

«! = ■ ■ ■ = am '■= a and — D\ = ■ ■ • = —D^ := n. 

Further, by the classification of log terminal singularities [5| the excep- 
tional divisor over every singular point is either a pair of (— n)-curves 
or a single (— n)-curve (otherwise G cannot interchange the -Dj's). 

We claim that n < 3. Indeed, assume that n > 3. Note that (pp is 
the blowup of points in Sing(i?). Let E he a. ^^-exceptional curve on 
Xp. Then 

0> Ky ■ g,E = g*KY ■ E = (i^x, + •^>-l + 2«- 
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Therefore, a < |. On the other hand, 

= g*KY ■ Dj = (kx^ + ^ aA ) • > ^ - 2 - an, na>n-2. 



1=1 



Hence, n < 3. Moreover, if = 3, then aDj ■ "Y^Di = —1 and so 
Dj ■ Yli^j < 1- This means that Di (1 Dj = for i ^ j. Hence, 
every singular point on Y is either Du Val of type Ai, I < 2, or a 
cychc quotient singularity of type |(1,1). By Proposition 12.71 we are 
done. □ 

By Proposition 12.71 we may assume that the singularities of X are 
worse that Du Val. Apply construction 12.101 We get the case (iii). In 
particular, Sing(y) 7^ and is a del Pezzo surface with log terminal 
singularities and p{Y)'^ = 1. Moreover, Xp^i ~ or 5*2 and the latter 
is possible only for G = L2(7) (see |8]). As in the proof of Proposition 
13.11 let D = Y Di is the ^^-exceptional divisor and let Bi := (j)p{Di). 
By Proposition 13.11 every singular point on Y is of type |(1, 1), i.e. D 
consists of disjoint (— 3)-curves. 

First we consider the case X ^ P^. Then r\ Bj ^ ^ and so 0p is 
a blowup of points in Bid Bj, i 7^ j. We claim that every curve Bi is 
smooth and there are at most two components of B passing through 
every point P G P^. Indeed, assume the converse. Then 

> g*Ky .E = {Kx, + lED^)■E> -1 + 3-1 = 0. 

Therefore, every Bi is smooth. Further, since the curves Bi are rational, 
k < 2. If /c = 1, then the Bi are lines and on every line we blow up four 
points. Hence, number of these lines is equal to five, a contradiction. 

Finally, consider the case k = 2. Then the Bi are smooth conies 
and on every conic we blow up seven points. It is easy to see that 
the number of points of intersection of conies is divisible by four, a 
contradiction. 

Now consider the case Xp^i ~ 82- Then G is the Klein group. Let 
r := p{Xp/Xpj^i). Recall that m is the number of -Dj's. Then by 
Noether's formula 

0<K^ = g*Kl = Kl^ - Z}3 ^ 10 - p{Xp) + f = 2 - r + f . 
Since m < r + 7 = p{Xp) — 1, we see that 



m 2m + 1 
0<2-r + -< ^<0' 



a contradiction. 
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4. The icosahedral group 

It remains to consider the case G ~ Sis. Additionally to 12.11 we 
assume that p{X)^ = 1. By Proposition 12.71 we may assume also that 
the singularities of X are worse than Du Val. 

By [8], there are three cases: X^+i ^ IP"*^, X^+i ^ or X^+i is a del 
Pezzo surface 5*5 of degree 5. 

Lemma 4.1. Let V be a normal surface and let C G V be a smooth 
curve such that {Ky + C) ■ C < 0. Then V has at most three singular 
points on C . 

Proof. By the adjunction formula [10] we have 

{Kv + C)\c = Kc + 'Di^c. 

where Diff(7 is the different, an effective Q-divisor supported in singular 
points of V lying on C. Moreover, the coefficients of Diffc are > 1/2. 
Since, by our conditions degDiffc < —degKc < 2, we get that Diff,^ 
is supported in at most three points. □ 

Lemma 4.2. For any i, the exceptional divisor of ipi has at least five 
connected components. 

Proof. Let E be the -i/'j-exceptional divisor. Since p{Xi)^ = 2 and 
G = Sis is a simple group, E is either connected or the number of 
connected components of ipi is > 5. Assume that E is connected. 
Since ii^ is a tree of rational curves, it is irreducible. So, ii^ ~ P^. By 
Lemma 12.31 the action of G on E' is non-trivial. If Xi is smooth along 
E, then is a (— l)-curve and ipi{E) is a G-fixed smooth point. This 
contradicts Lemma [231 Therefore, Xi has at least 5 singular points on 
E. This contradicts Lemma [4. 1[ □ 

Corollary 4.3. If there is a G-fixed point on Xi for some i, then there 
is a fixed point of G on Xj for any j < i. 

Proof. Assume that Xj has a fixed point of G, say P. By Lemma 14.21 
i{ji-i is an isomorphism over P. So 0j_i('?/'i_i(P)) is a fixed point of G 
on □ 

Lemma 4.4. Suppose that p{X)^ = 1 and G has no fixed points on 
X . Then X^+i is not a curve. 

Proof. Assume that Xd+i — P^. By Corollary 14.31 the group G has no 
fixed points on X^. Now we choose (pi according to the construction 
12.13.11 By Lemma [2.41 the surface X^ is singular. Since Sts is a simple 
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group and G has no fixed points on Xd-, we see that the exceptional 
divisor of (pd consists of at least five curves Di, . . . , D^, where /c > 5. 
Let / be a general fiber of ipd- Then 

> / ■ f tt'*Kx, + a ^ a j >-2 + ka 



where a is the codiscrepancy of -Dj. By Lemma [2751 and Proposition 12. 71 
we see that « = | and k = 5. By pLl Theorem 1-5] there is an irreducible 
non-singular curve C G | — SKx^l 7^ 0- Put C = (j)*jO — Y^ViDi, where 
rj > 0. Since C is not a rational curve, we see that C is not a section 
of ipd- Then 



i=l 



Hence 



= /■ I irv, + -C+ > ■{a + -)D, \ >-2 + - + - = -, 



3 3 3' 

a contradiction. □ 

Claim 4.5. ^ smooth del Pezzo surface of degree 5 contains exactly 
five pencils of conies. 

Proof. Each pencil of conies \C\ has exactly three degenerate members 
which are pairs of meeting lines. Since a del Pezzo surface of degree 5 
contains 15 such pair of lines, we are done. □ 

Lemma 4.6. Suppose that p{X)^ = 1 and G has no fixed points on 
X . Then X ^ or X is a del Pezzo surface of degree 5. 

Proof. By Lemma and [5] we have Xd+i — or Xd+i — S^. Now 
we choose (pi according to the construction 12.13.11 By Proposition 12.71 
we see that Xd has at least one non-Du Val singularity. Hence the 
exceptional divisor of (pd is one orbit -Di, . . . ,Dk, where k > 5. Let 
D = Yli=i m := — -Df . Since the divisor 

k 

-<P*dKx, = -Kx^ - 

i=l 

is nef and big, so is 



-ipd*(p*dKxd = -Kxd+i -^a'^diDi 



i=l 



By Lemma 1231 a > |. Consider two cases: 
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4.6.1. Xd+i — P^. By the above the divisor "iH — ^aipd{Di) is nef and 
big, where if is a hne. Assume that degipdiDi) > 2. Then 3 > 2ka. 
Since k > 5 and a > |, we see that 2ka > a contradiction. 

Hence, %l)d{Di) are hnes. Then = 5 or 6. Assume that k = 5. Then 
there is an orbit of five hnes on P^. Note that there is an invariant 
conic C C P^. The divisor YH^diDi) meets C in at most 10 points. 
Hence there is an orbit on C consisting of at most 10 points. However, 
the order of any orbit on C ~ P^ is at least 12, a contradiction. 

Thus k = 6. Hence the hnes ipd{Di) are in general position, i.e. 
every line contains five points of intersection. Therefore, m > 4 and so 
3 > ka > 3. Again we have a contradiction. 

4.6.2. Xd+i is a del Pezzo surface 5*5 of degree 5. Assume that ipd{,Di) 
are (— l)-curves. Then = 10 and by (*) 

1 = —Ksr^ ■ Ei > 3a — a = 2a. 

Thus a < |. It is well known that on a del Pezzo surface of degree 
5 every (— l)-curve meets three other (— l)-curves. Hence, m > 4, a 
contradiction. 

Assume that {^pd{Di)f > 1. Then 5 = K^^ > 3ka. Since k > 5 and 
a > |, we see that 3ka > 5, a contradiction. 

Therefore, {ipd{Di))'^ = 0, i.e. ipd{Di) is a conic. Then 2ka < 5. 
Therefore, m = 3 and /c = 5 or 6. By Claim 1431 there are only five lin- 
ear systems of conies. If i/Jd{D) contains two conies of one pencil, then 
ipd{D) has at least 10 components, a contradiction. Therefore, ipdiD) 
consists of five conies contained in different linear systems. Every com- 
ponent of ipd{D) meets other four components. Then ipd extracts four 
points on every component of ipd{D). Hence, m = 4, a contradiction. 

□ 

Lemma 4.7. Suppose that p{X)^ = 1. Assume that G has a fixed 
point P on X . Choose 0o in the case \2.13TB. Assume that Xi = P^. 
Then Xq is smooth. Moreover Xq ~ F„ and X ^ P(l, 1, n). 

Proof. In our case ipo : Xq — >■ Xi = P^ is a rational curve fibration. Let 
Dq be a unique exceptional curve of (^o- Note that Dq is contained into 
the smooth locus of Xq. Assume that Dq is a section. Then there is 
no singular fibers. Hence, by Lemma [2. 4^ we see that Xq ~ F„. So, we 
may assume that Dq is not a section of ipQ. 

Assume that P is not a Du Val singularity. Let m > 2 be the 
degree of the restriction -i/^olDo • -Do — ^ P^- Then by the Hurwitz for- 
mula —2 = —2m + deg 5, where B is the ramification divisor. Thus 
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degB = 2m — 2. The divisor B is G-invariant. Hence, deg-B > 12 and 
m > 7. Let / be a general fiber of ipQ. Then 

< -(l)*Kx ■ f = -{Kx + aDo) ■ f = 2 - ma, 

wliere a is tlie co discrepancy of Dq. Hence, m < ^. By Lemma 12.51 
a > |, a contradiction. 

Therefore, P is a Du Val singularity. By Proposition 12.71 X also has 
a non-Du Val singular point. Apply construction I2.13[ the case I2.13TT] 
to Xq over the base P^: 




Xq Xi ■ ■ ■ Xe Xf.+l. 

Here X^+i is smooth and Xe is singular. We claim that Xg+i has no 
section M with = —p, where p > 2. Indeed, let vr : F — ^ Xq be 
the minimal resolution and let Dq be a unique exceptional curve over 
P. Note that r/o contracts curves meeting Dq. Therefore, Xg+i has no 
invariant (— p)-curves M such that M is a section, where p > 2. 

By Lemma 12.41 we have Xe+i ~ x P^. By Proposition 12.71 the 
singularities of Xe are worse than Du Val. Let Di, . . . , D/^ be the ex- 
ceptional curves of where k > 5. Then 

< - (ir^^ + • / = 2 - to, 

where / is a fiber of the projection X^. x ^ F'^ and a is the 

codiscrepancy of Di. By Lemma [2.51 we have a = |, every non-Du Val 
singularity on Xe has type 1), and k = 5. According to [H Theorem 
1-5] there is an irreducible non-singular curve C G | — <iKxJ ^ 0. Put 
C = — "^r^Di, where > 0. Since C is not rational, C is not a 
section. Then 

Hence 

a contradiction. □ 

Lemma 4.8. Suppose that p{X)^ = 1 and G has exactly one fixed 
point on X. Then either X ~ P(l, 1, 2n) or X c::^ P^fc,s- 
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Proof. Let P G X be the fixed point of G. Tlien by Lemma [2.31 P G X 
is of type ^(1, 1) for some r > 2. Consider two cases: 

4.8.1. r > 11. We choose (po as in the construction I2.13.2I Then 
Xi has no fixed points. By Lemmas I4.6[ 14.71 and 12.41 we may assume 
that Xi ~ or Xi ~ 5*5. Assume that curves of the exceptional 
divisor of ipo contain two singular points or one non-Du Val singular 
point. Let tc : Y —>■ X he the minimal resolution, let D = be 
the exceptional divisor, and let Dq be a unique invariant curve of the 
exceptional divisor. We have Dq = —r < — 11 and there is a morphism 
it' : Y Xq such that vr = 0o ° tt'. Hence, by Lemma 12.61 

< -Kx ■ TT.Ei = -Ei ■ {Ky + D^) < 0, 

where is a (— l)-curve contracted by ipo ovr' and -D" is the codiscrep- 
ancy divisor (see 12.21) . a contradiction. 

Therefore, every contracted curve contains at most one Du Val sin- 
gular point of type Ap. Assume that Xi is a del Pezzo surface of degree 
5. Let k := p(Xo/^i) and let / = (V^^P'o)^- Then 

A-i = 10 - p(y ) + MP + 1) - i - 4 + ^(^^^ = 1 - ( + 

So, / = —1, 0, or 1. On the other hand, has no invariant curves 
with self-intersection number —1, 0, or 1, a contradiction. Therefore, 
Xi ~ P^. In this case ■j/'^-Dq is a conic. Hence, X ~ P^^^^. 

4.8.2. r < 10. Assume that X has a singular fixed point and other 
singular points that Du Val singular points. Then we choose 0o as in 
the construction 12.13.21 Then Xi ~ P^ or Xi ~ and all non-fixed 
singular points have type Ap. Hence, 

< = 10 - p(Xi) - + 1)A; + m - 4 + -, 

m 

where k G {12, 20, 30, 60}. Therefore, k = 12, p = 0, and Xi ~ P^. As 
above we have X ~ P^fc,o- 

Now we may assume that X has a fixed singular point and at least 
one non-Du Val non-fixed singular point. 

Apply construction 12.131 We may construct 0^ as in the case 12.13.11 
Then X^ is a surface with one fixed point of G. Since r < 10, we see 
that every ipi does not contract curves containing the fixed point of G. 

Consider the case where Xd — P(l,l,2n). Assume that there are 
non-Du Val singularities on X^.i other than P. Let Di, . . . , be the 



16 



exceptional curves of (f)d-i- Then 

--f^p(i,i,2n) = (2n + 2)1 > atpd-u'^ Di, 

where / is a generator of the Weil divisor class group, and a is the 
codiscrepancy of Di. Since ipi does not contract curves containing the 
fixed point of G, we see that ipd{Di) also does not contain the fixed 
point of G. Then / ■ ipd-iiDi) > 1. We obtain n = 1, m = 3, and 
a = |. Hence, ipd-i^Di) > 21, a contradiction. Therefore, Xd~i has 
exactly one non-Du Val singularity. Denote it by P. 

Now we choose according to the construction 12. 13T21 By Propo- 
sition [221 is a smooth del Pezzo surface. We obtain n = 1, 2, or 3. 
Assume that n = 2 or 3. Then 

< Kl^_^ < 10 - piY) + ^ < -15 + ^ < 0, 

a contradiction. Hence, n = 1. Then 

< K],^_^ = 10 - PiY) < 0, 

a contradiction. 

Consider the case where Xd 7^ P(l,l,2n). Let (pd '■ Xd ^ Xd be 
the minimal resolution of Xd and let D be the exceptional curve. Let 
ipd '■ Xd —>■ Xd+i be the contraction of another G-equivariant extremal 
ray. Suppose that Xd+i — S^. Then 

0<iri^ = 10-p(Xrf) + /-4+y. 

Assume that / > 4. Then (tpdiD))"^ = —1, 0, or 1. On the other hand, 
5*5 has no invariant curves whose self- intersection number equals to —1, 
0, or 1, a contradiction. 

Suppose that / = 3. Then 

0<iri^ = 10-p(X,) + i. 

We see that every exceptional curve of ipd meets D in at most two 
points. Note that there is some orbit Pi, . . . ,Pj consisting of points of 
intersections of exceptional curves with D. Since the order of any orbit 
on is at least 12, we see that the number of exceptional curves is at 
least six. Then p{Xd) > 11, a contradiction. 

Assume that / = 2. Then < K]^^ = 10 - p{Xd). We have 
p{Xd) > 5 + r, where r = p{Xd/Xd+i) > 5, a contradiction. 

Therefore, Xd+i — P^. Suppose that / > 4. Then ipd{D) is a conic. 
On the other hand, ipd is a blowup of at least twelve points on ipd{D), 
a contradiction. 
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Finally if ipd{D) is singular, then %pd is the blowup of singular points 
Pi,...,Pfcofcurve'0rf(i:'). Let g := muhp,(?/'d(D)) > 2andV'd(^) =tH, 
where if is a line on P^. Then =t^ — kq. By the genus formula, we 
have 

Aq-l) _ (t-l)(t-2) 
2 2 

Hence, = kq^ + 3t - kq - 2 and so = kq{q - 2) + 3t - 2 > 0, a 
contradiction. 

□ 

Lemma 4.9. Assume that p{X)^ = 1 and X has exactly two singular 
points. Then X ~ F2n+k,k-2n,i- 

Proof. Since G is a simple group, we see that both singular points are 
fixed points. By Lemma 12.31 there are exactly two fixed points Pi and 
P2 on X and these points have types ^(1, 1) and ^(1, 1) for some ri, 
r2. We may assume that ri > r2. Apply construction 12.131 We choose 
(pQ as in 12.13.21 with P = Pi. By Lemma 14.81 we may assume that 
Xi ~ P(l, l,2n) or Xi ~ P^fc^o- Let be a unique exceptional curve 
of 00- If the exceptional curves of ipo contain P2, then r2 > 5. Since 
ri > r2, we see that ipo{X) does not contain the singular point. Assume 
that Xi ~ P\,o. Let m = -N\ Since = -Kx, + '^N is 

nef and big, we see that —Kx^ > ^^^^o(A^)- Since ipo{X) does not 
contain singular point, we see that ipoi^N) ■ E[ > 1, where E[ is the 
image of the (— l)-curve. Then 

k — 6 m — 2 

-Kx, ■E[ = l~ — — > . 

/e — 4 m 

On the other hand, m>A; — 4>8,a contradiction. 

Therefore, Xi ^ P(l,l,2n). Since ipQ is the blowup of one orbit, 
we see that A^^ = 2n — k, where k = 12, 20, 30, or 60. Hence, 

X ^ F2n,fc-2n,l- ^ 

Lemma 4.10. Assume that p{X)^ = 1. Then G has at most two fixed 
points on X . 

Proof. Assume that G has three fixed points Pi, P2 and P3 G X. Apply 
construction 12.131 and choose (pi as in I2.13.1[ By Lemma 12.31 we obtain 
a surface Xd-i with exactly three singular points. Let it : Y Xd-i be 
the minimal resolution and let Di, D2, -D3 be the exceptional curves. 
Put Hi := Df. By Lemma 12.31 all Ui are even. On the other hand, 
there is a rational curve fibration $ : F ^ P^ such that Di, D2, -D3 
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are horizontal curves. Assume that Xd-i has no Du Val singularities. 
Then 

< -/. ( Ky + ^ii^fl. + ^fl. + '^D,) = 

V 'Tl'l ^2 ns J 

where / is a generically fiber of $. Hence, 

ni — 2 no — 2 nq — 2 

— + — + — < 2. 

ni n2 ns 

We obtain ni = 4 and n2 < 6. 

Now apply construction 12.131 and we choose (pd-i as in 12.13.21 with 
P = P3. We see that the exceptional divisor of ipd-i does not contain 
any singular point. Then Xd is a del Pezzo surface with two fixed points 
of G. Since rii = 4 and n2 < 6, we see that Xd is not isomorphic to 
F2n,k-2n,i, a Contradiction. 

Therefore, ni = 2. Assume that n2 = 2. Now we choose (pd-i as 
in 12.13.21 with P = P^. We see that the exceptional divisor of tpd-i 
is contained into the smooth locus. Hence, Xd is a del Pezzo surface 
with two Du Val singular points, a contradiction with Proposition 12.71 
Therefore, > n2 > 4. 

Now we choose (pd-i as in 12. 13.21 with P = P2. We claim that the 
components of the exceptional divisor of ipd-i does not contain singular 
points. Indeed, assume that the exceptional divisor of ipd-i contains 
Pi. Then Xd is a del Pezzo surface with a fixed smooth point, a con- 
tradiction. 

Assume that the exceptional divisor of i/jd-i contains P3. Hence, 
there is a (— l)-curve EonY meeting both D2 and D3. Therefore, 

E . 7C*Kx,^, =E.{Ky+ "^02 + "^D,) > 

n2 ris 

no — 2 n^ — 2 
-1 + ^ + — >0, 

^2 ^3 

a contradiction. 

Thus, if we choose (pd-i as in l2.13.2l with P = P2, then the exceptional 
divisor of ipd-i does not contain the singular points. The same holds for 
P3. Note that after the contraction of another G-equivariant extremal 
ray we obtain F2n,k-2n,i- Hence, n2,n3 G {10,18,28,58}. Now we 
choose (pd-i as in 12. 13.21 with P = Pi. Then Xd — F2n,k-2n,i- Assume 
that the exceptional divisor of ipd-i contains a singular point. Then 
2n = n2 — h and k — 2n = or 2n = n2 and k — 2n = — h, 
where h G {12,20,30,60}. Since k G {12,20,30,60} and 29 > n > 1, 
this case is impossible. Hence, the exceptional divisor of ipd-i does not 
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contain any singular point. We obtain F2n,k~2n,i, where 2n = 10, 18, 
28, or 58. Hence, n2 = n-^ = 10. Then 

^ n2 5 

Now we compute p{Y). We have p(-Fio,io,i) = 20. Then p{Xd-i) = 20+s, 
where s = p{Xd-i/ Fiq iq i) > 5 is the number of components of the ex- 
ceptional divisor of ipd-i- Then p{Y) = 22 + s. Hence, Kj^ _ < 0, a 
contradiction. □ 

Lemma 4.11. Assume that p{X)^ = 1 and G has at least two fixed 

points on X. Then X ~ F2n,ak-2n,a- 

Proof. By Lemma 14.101 the group G has exactly two fixed points Pi, 
P2 & X and by Lemma 14.91 we may assume that X also has a non-fixed 
singular point, say Q. 

First we consider the case where Q is not Du Val. Apply construction 
12. isl and choose (pi as in l2.13.1[ Then Xd ~ F2n,k-2n,i- Let -Dq.o, • • • , -Do,; 
be the exceptional curves of 0o- Then —{Kx^ + OiY^-^^ Dj) is nef and 
big, where a > | and / > 5. Let Difl, . . . , Di^i be the proper transform 

of P'o.o, • • • , F)q i on Xi. Hence, the divisor —{Kxi + a Y^j=i is nef 
and big. Assume that a curve of the exceptional divisor of ipi contains 
a fixed point P and meeting -Di-ij. Since the exceptional curves of ipi 
are contained in one orbit, we see that every curve of the exceptional 
divisor of ipi contains a fixed point P. Hence, P has type ^(1, 1), where 
m > 7. Let vTj : — Xi be the minimal resolution. Then the divisor 
— {Ky + ^^^F> + aY^ Dij) is nef and big, where D is a unique excep- 
tional curve over P and Di j is the proper transform of -Djj. On the 
other hand, there is (— l)-curve E on Yi such that E meets D and Di j. 
Hence, < 1 — — a < 0, a contradiction. Therefore, Ddfl, . . . , Dd,i 
do not contain a fixed point. Let nd : Yd ^ F2n,k-2n,i be the minimal 
resolution. Let Di and D2 be exceptional divisors over fixed points of 
G and -0^,0; • • • ? Dd^i be the proper transform of Dd,o, ■ ■ ■ , Dd^i. There 
is a G-equivariant rational curve fibration $ : ^ such that Di 
and D2 are sections. Since curves Ddfl, . . . ,Dd,i do not contain fixed 
points, we see that Dd^, . . . ,Dd,i are horizontal curves. Hence, 

2n-2 k-2n-2 

2?2 - 2 k-2n-2 , 
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a contradiction. 

Therefore, the singularities of X \ {Pi, P2} are Du Val. By Lemma 
12.31 points Pi and P2 are types ^(1, 1) and ^(1, 1). We may assume 
that nil > 1712. If we apply construction 12. 131 and choose (pi as in 12. 13.11 
We obtain ~ -F2n,fc-2n,i- Hence, nii + ni2 > 12. Now, we choose 0o 
as in 12. 13.21 with P = Pi. By Lemma [4.81 we have two possibilities: 

4.11.1. Xi ^ P^fc,s- Since mi > m2 > 8, we see that the exceptional 
curves of ipo do not contain the fixed point P2. Now, we choose (pi 
as in |2J3^ with P = P2. We obtain X2 ~ P^. Let D2 be a unique 
exceptional curve over P2. Let tt : Y —>■ X he the minimal resolution 
and let Di be the proper transform of a unique exceptional curve over 
Pi. If an exceptional curve of ipi meets Di, then there is (— l)-curves 
EoiiY such that E meets Di and D2. Hence, 

„ f mi — 2- m2 — 2 - \ mi — 2 mo — 2 

< -E-( Ky + — Di + — D2 =1 < 0, 

\ mi m2 / mi m2 

a contradiction. Therefore, the exceptional curves of ipi do not meet 
Di. Then tpi{Di) does not meet tpi{D2), a contradiction. 

4.11.2. Xi ~ P(l, 1, 2n). As above, we see that the exceptional curves 
of ipo do not contain the fixed point P2. Note that every exceptional 
curve is a rational curve with one Du Val singular point of type Ag. Let 
TT : F2,i — >■ P(l, 1, 2n) be the minimal resolution and let D2 be a unique 
exceptional curve. Then D2 does not meet Di, where Di is the proper 
transform of a unique exceptional curve of (po. Hence, D| = —2n and 
Df = 2n. Therefore, X ~ F2n,afc-2n,a- 

□ 

Now Theorem 11.41 follows from Lemmas 14. 6[ 14. 8[ and I4.11[ 
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